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Abstract. We revise and generalize the properties of the electric and the magnetic
scalar potentials in spacetimes admitting a Killing vector field: Their constancy on
the Killing horizons, uniqueness of solution for the electromagnetic test fields and
the relation between the Bianchi identity and Maxwell’s equations. In each of these
examples, collinearity of currents with the Killing vector field is shown to be the crucial
property.
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1. Introduction
The canon of no-hair theorems have taught us that black holes themselves can support
only simple electromagnetic fields. Nevertheless, realistic astrophysical objects are
always “dirty” and can be surrounded by external fields, such as those produced
by plasma accreting onto the black hole. There is a vast literature aimed at the
understanding of basic properties of the electromagnetic fields surrounding the black
holes, focused on electrostatic problems [1, 2, 3, 4, 5], magnetostatic problems [6, 7, 8],
formalism of the membrane paradigm [9], force-free magnetospheres [10], etc. Still, the
literature is full of technical gaps, hiding among the results which are unclear about the
underlying assumptions, the scope and the generality of the claims.
One important simplification in various models is the assumption about the
presence of symmetries. Mere isometry of the underlying spacetime doesn’t necessarily
imply that the fields in it will respect the same symmetries. This “symmetry
inheritance” has been analysed for various fields [11, 12] and it has been found [13]
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that it is, for example, true for the non-null electromagnetic fields in the presence of
bifurcate Killing horizons. Here we shall focus our discussion on the spacetimes and
electromagnetic fields which share the common geometrical symmetries. The aim of
this paper is to revise some basic properties of the electromagnetic field in spacetimes
admitting (at least one) Killing vector field.
In section 2 we review the basic facts about Maxwell’s equations and electromag-
netic scalar potentials in general relativistic context. In section 3 we generalize proofs
for the constancy of the electric and the magnetic scalar potentials over Killing horizons
and discuss the underlying assumptions. In section 4 we generalize the uniqueness
theorem for the scalar potentials of the electromagnetic test fields. In section 5 we
review relations between the Bianchi identity and the equations of motion for matter
fields. In section 6 we generalize the derivation of Maxwell’s equations from the Bianchi
identity to the nonvacuum case. In the final section we make some concluding remarks.
It is important to emphasize that, except in the section 4, none of the results presented
in the paper depend on particular form of the gravitational field equations and are thus
valid beyond general relativity.
Throughout the paper we assume metric signature convention (−,+,+,+) and
natural system of units. All spacetimes are 4-dimensional, connected smooth Lorentzian
manifolds. We shall employ abstract index notation [14] or “indexless” notation [15],
where appropriate. Furthermore, we use equalities of the form
A
S
= B (1)
to indicate that equality of “A” and “B” holds (at least) on points of the set S. If not
otherwise stated, it is assumed that Einstein’s equation always contains the cosmological
constant term,
Rab − 1
2
Rgab + Λgab = 8πTab . (2)
2. Enter scalar potentials
The electromagnetic field is described by 2-form Fab, which is a solution to Maxwell’s
equations. To keep our discussion as general as possible we shall assume that apart
from the electric current Jae , there is also the magnetic, or “monopole” current J
a
m [16].
Maxwell’s equations in the presence of both currents can be written compactly, in the
language of differential forms, as
dF = 4π ∗Jm , d∗F = 4π ∗Je (3)
or, with the abstract index notation, as
∇aFbc +∇bFca +∇cFab = 4πJdm ǫdabc , ∇aF ab = −4πJ be . (4)
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Using any auxiliary smooth vector field Xa, we can formally define the electric field
1-form Ea and the magnetic field 1-form Ba (sometimes referred to as the electric and
the magnetic “components” of Fab) with respect to X
a via
E(X) ≡ −iXF , B(X) ≡ iX∗F . (5)
It is not difficult to prove that we can make the following decomposition
−NF = X ∧ E(X) + ∗(X ∧ B(X)) (6)
where N = (X|X). For example, if Xa = ua is the 4-velocity of the observer, then
E(u) and B(u) are simply conventional electric and magnetic fields measured in the
observer’s rest frame [17]. Let us now assume that spacetime (M, gab) admits a Killing
vector field ξa with the norm N = (ξ|ξ) and the twist ωa, defined as
ω = − ∗ (ξ ∧ dξ) or ωa = ǫabcd ξb∇cξd . (7)
Along the following discussions, we shall assume that N 6= 0 and then separately make
comments about the points where N = 0. Except in the section 4, none of the results
presented here depend on the sign of the function N . This means that these theorems
can be applied in regions of the spacetime where the vector field ξa has different causal
character, such as the ergoregions or the interiors of the black holes. In this context, it
is convenient to define the electric field Ea ≡ Ea(ξ) and the magnetic field Ba ≡ Ba(ξ)
with respect to the vector field ξa. Let us now recast Maxwell’s equations (3) into
equations for the electric and the magnetic field.
Lemma 1. Maxwell’s equation (3) can be rewritten as a system of differential equations
for electric and magnetic 1-forms,
δE − 1
N
[
(dN |E) + (ω|B)
]
= −4π(ξ|Je) (8)
δB − 1
N
[
(dN |B)− (ω|E)
]
= −4π(ξ|Jm) (9)
dE = 4π ∗ (Jm ∧ ξ) (10)
dB = −4π ∗ (Je ∧ ξ) (11)
where δ denotes the coderivative, δ = −∗ d ∗.
Proof. Using basic identities from the Appendix A, we have
δE = ∗ d ∗ iξF = − ∗ d(∗F ∧ ξ) = −iξ ∗ d ∗F − ∗(∗F ∧ dξ) (12)
and
δB = −∗ d ∗ iξ∗F = − ∗ d(F ∧ ξ) = −iξ ∗ dF − ∗(F ∧ dξ) . (13)
Furthermore, making use of the decomposition (6) we have
−N ∗ (∗F ∧ dξ) = −(ξ ∧ E|dξ)− ∗(B ∧ ∗ω) = (E|dN) + (B|ω) (14)
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and
−N ∗ (F ∧ dξ) = ∗(E ∧ ∗ω)− (dξ|ξ ∧ B) = −(ω|E) + (dN |B) . (15)
Putting all this together it is straightforward to derive first two Maxwell’s equations in
the form (8)–(9) from the original ones (3). Finally, using the fact that Lie derivative
with respect to a Killing vector commutes with Hodge dual and the identity (A.6), we
have
dE = −diξF = −£ξF + iξ dF = 4π iξ∗Jm = 4π ∗ (Jm ∧ ξ) (16)
and
dB = diξ∗F = £ξ∗F − iξ d ∗F = −4π iξ∗Je = −4π ∗ (Je ∧ ξ) . (17)
General analysis and the solution of Maxwell’s equations are simplified if it is
possible to replace electric and magnetic 1-forms with corresponding scalar potentials.
However, these cannot always be defined, as explicated in the following result, a corollary
to Lemma 1.
Lemma 2. Let Fab be an electromagnetic field, invariant under the action of a Killing
vector field ξa. Then
e) the electric field E = −iξF is a closed form if and only if the magnetic current Jm
satisfies the condition
Jm ∧ ξ = 0 ; (18)
m) the magnetic field B = iξ∗F is a closed form if and only if the electric current Je
satisfies the condition
Je ∧ ξ = 0 . (19)
If the conditions from the previous lemma are met, then the Poincare´ lemma allows
us to define, at least locally, electric scalar potential Φ and magnetic scalar potential Ψ,
E = dΦ , B = dΨ . (20)
Intuitively, conditions (18)–(19) imply that the currents Jae and J
a
m are “parallel” to
the Killing vector field ξa. For example, at all points where N 6= 0 contraction with ξa
implies
Jae =
(ξ|Je)
N
ξa and Jam =
(ξ|Jm)
N
ξa . (21)
Assuming that the current conditions are satisfied, Maxwell’s equations for scalar
potentials are given by
∆Φ− 1
N
[
(dN |dΦ) + (ω|dΨ)
]
= −4π(ξ|Je) (22)
∆Ψ− 1
N
[
(dN |dΨ)− (ω|dΦ)
]
= −4π(ξ|Jm) (23)
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Usually we refer to solutions with Ψ ≡ 0 as “purely electric” and solutions with Φ ≡ 0
as “purely magnetic”.
Just as in the case of classical electrostatics and magnetostatics [18], introduction
of the scalar potentials is an important tool in the analysis of the black hole
electrodynamics. In fact, these scalars can be interpreted in a much broader sense.
If we introduce a 2-form F = dξ for a Killing vector field ξa, then it satisfies Maxwell’s
equations
dF = 0 , d ∗F = 4π ∗Jξ , (24)
with “electric current”
Jξ ≡ 1
2π
R(ξ) , (25)
where R(ξ) is the 1-form R(ξ)a ≡ Rabξb. Current condition (19) in this case is equivalent
to the condition R(ξ) ∧ ξ = 0, and corresponding scalar potentials are the real and the
imaginary part of the Ernst potential [15].
3. Killing horizons as equipotential hypersurfaces
We immediately see that the scalar potentials are constant along the orbits of the Killing
vector field ξa,
£ξΦ = iξdΦ = iξE = 0 , £ξΨ = iξdΨ = iξB = 0 . (26)
It is a remarkable fact that black hole horizons are, just like conducting surfaces,
equipotentials for the scalar potentials. This piece of information is very important
in the derivation of the generalized Smarr formula [19], the first law of black hole
thermodynamics [19, 20], as well as in the black hole uniqueness theorems [15].
Depending on the motivation of the research, this “zeroth law” of the black hole
electrodynamics can be proven for a class of solutions of the chosen equations of
motion (independently of the symmetries), or for a class of spacetimes sharing the
same symmetries (independently of the equations of motion). A short review of these
approaches was already given in [21], and here we shall briefly repeat the main results
without the proofs.
Carter [19] has exploited the fact that the contraction R(ξ, ξ) = Rabξ
aξb vanishes
on black hole horizons, and then established constancy via Einstein’s equation.
Theorem 3. Let (M, gab, Fab) be a solution of the Einstein–Maxwell equations with a
Killing horizon H [ξ], generated by the Killing vector field ξa, and electromagnetic field
Fab, invariant under the action of the Killing vector field ξ
a and nonsingular on H [ξ].
Then the electric and the magnetic scalar potential, Φ and Ψ, are constant over each
connected component of the Killing horizon H [ξ].
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A Killing horizon H [ξ], a basic “model” for the black hole event horizons in a
presence of spacetime isometries, can be roughly defined as a null hypersurface to
which the Killing field ξa is normal (for more precise definitions see e.g. [15, 22]). The
bifurcation surface is a locus of points on the Killing horizon H [ξ] where the generating
Killing vector field ξa vanishes. Its presence can considerably simplify proofs of many
black hole properties, such as the zeroth law of black hole thermodynamics [23]. This
approach has been used by Gao in [24].
Theorem 4. Let (M, gab, Fab) be a spacetime which admits a Killing vector field ξ
a and
contains a bifurcate Killing horizon H [ξ]. Furthermore, let Fab be a electromagnetic
field, invariant under the action of the Killing vector field ξa and nonsingular on H [ξ].
Then the electric and the magnetic scalar potential, Φ and Ψ, are constant over each
connected component of the Killing horizon H [ξ].
However, assumption of the existence of the bifuraction surface has its limitations
since, for example, we already know that the extremal black holes are not of the bifurcate
type. In an attempt to fill this technical gap and find the proof which makes no use
of gravitational field equations, nor the assumption about the existence of a bifurcation
surface, another one has been proposed in [21]. We shall now revise and generalize this
result through two new theorems.
Static spacetimes admit a stationary Killing vector ka, which is hypersurface
orthogonal, that is ωa = 0. An immediate consequence is that Maxwell’s equations
(22)–(23) become decoupled system of differential equations. Apart from stationarity,
£kF = 0, there are two usual staticity conditions imposed on the electromagnetic field
in this context,
F ∧ k = 0 and ∗F ∧ k = 0 , (27)
where the first one corresponds to the purely electric and the second to the purely
magnetic case. In fact, earlier equations (10) and (11) can be written as
δ(F ∧ k) = −4πJe ∧ k , δ(∗F ∧ k) = 4πJm ∧ k , (28)
so as to to reveal the close relation between the staticity and the current conditions.
Trivially, (27) imply (18)–(19) via (28), but the converse is not true in general and the
sufficient conditions were found by Carter in [19, 25]. However, his analysis make use
of Einstein’s equations, which we want to avoid, and the constancy of scalar potentials
on the black hole horizon, which we want to prove in the first place. For this reason we
shall economise the choice of assumptions as follows.
Theorem 5. Let (M, gab, Fab) be a static spacetime with Killing vector field k
a,
containing a Killing horizon H [k] and electromagnetic field Fab which is invariant under
the action of ka, nonsingular on H [k] and which satisfies one of the staticity conditions
(27). Then the electric scalar potential Φ and magnetic scalar potential Ψ are constant
on each connected component of the Killing horizon H [k].
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Proof. The assumptions from the theorem assure that current conditions are satisfied
and therefore scalar potentials are at least locally well defined. If the first of the staticity
conditions (27) is satisfied, Ψ is constant everywhere, and the contraction with ka gives
the relation
0 = ik(F ∧ k) = −E ∧ k +NF H= −dΦ ∧ k (29)
From here it follows that
iZdΦ
H
= 0 (30)
for all tangent vectors Za ∈ TH [k] (note that by definition we have dΦ = 0 at points
where ka = 0). Therefore, Φ is constant over the horizon H [k]. In case when the second
of the staticity conditions (27) is satisfied, the proof for the constancy of Ψ is completely
analogous.
Now we turn our attention to the stationary axisymmetric spacetimes (M, gab) with
the corresponding commuting Killing vectors, stationary ka and axial ma (with closed
orbits). We shall adopt conventional notation for the inner products between these
Killing vectors,
V ≡ −(k|k) , X ≡ (m|m) , W ≡ (k|m) . (31)
We assume the absence of the closed causal curves in the exterior of the horizon, so that
X ≥ 0, with the equality holding only on the rotation axis (where ma vanishes). If, in
addition, hypersurfaces orthogonal to these Killing vector fields are integrable,
k ∧m ∧ dk = k ∧m ∧ dm = 0 (32)
then we say that the spacetime is circular. Suppose now that for the vector field
ξa = ka + Ωma , Ω = −W/X , (33)
we define the hypersurface
S[ξ] = {p ∈M : (ξ|ξ)|p = 0} (34)
in the circular spacetime (M, gab). Then the weak rigidity theorem ([15], Theorem 8.13)
claims that Ω, the “angular velocity of the horizon”, is constant on S[ξ], ξa is a Killing
vector field at least on S[ξ] and S[ξ] is a null hypersurface, hence a Killing horizon. In
order to emphasize this particular Killing vector field, we shall use special notation,
χa ≡ ka + ΩHma , ΩH ≡ −W
X
∣∣∣
H
. (35)
Suppose that circular spacetime contains a Killing horizon H [χ], invariant under the
action of the Killing vector fields ka and ma. This means that ka and ma are tangent
to H [χ] and hence
(χ|k) H= 0 and (χ|m) H= 0 , (36)
from where it follows that
ΩH =
V
W
∣∣∣
H
. (37)
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If ja is either electric or magnetic current, then the current condition j ∧ χ = 0 (here
we assume that ΩH 6= 0) implies “circularity” of the current, j ∧ k ∧m = 0. In what
follows, we shall need the generalized version of the Proposition 5.6 from [15].
Lemma 6. Let (M, gab, Fab) be a stationary axisymmetric spacetime with commuting
Killing vectors ka and ma, containing a stationary axisymmetric electromagnetic field
Fab, £kF = £mF = 0, and electric and magnetic currents which satisfy circularity
conditions,
Je ∧ k ∧m = Jm ∧ k ∧m = 0 (38)
Then, in every domain of spacetime which intersects the rotation axis, Maxwell’s
equations imply
F (k,m) = − ∗ (k ∧m ∧ ∗F ) = 0 , ∗F (k,m) = ∗(k ∧m ∧ F ) = 0 . (39)
Proof. Using Cartan’s identity (A.12) and commuting of the two Killing vectors,
£km = 0, we have identity
dimik = ik£m − im£k + imikd (40)
which can be applied on Fab and ∗F ab, with help of Maxwell’s equation,
dF (k,m) = (ik£m − im£k)F + 4π ∗ (Jm ∧ k ∧m) (41)
d ∗F (k,m) = (ik£m − im£k) ∗F + 4π ∗ (Je ∧ k ∧m) . (42)
Using these equations and the assumptions about symmetry of the field, it follows
that scalars F (k,m) and ∗F (k,m) are constants. Moreover, since F (k,m) = 0 and
∗F (k,m) = 0 on the rotation axis (where ma = 0), it follows that F (k,m) = 0 =
∗F (k,m) in every domain of spacetime which intersects the rotation axis.
It is important to note that in order to establish the validity of restricted equations,
F (k,m)
H
= 0 , ∗F (k,m) H= 0 , (43)
it is enough to assume circularity of the currents on the horizon H ,
Je ∧ k ∧m H= 0 , Jm ∧ k ∧m H= 0 , (44)
provided that the rotation axis intersects the horizon H .
Theorem 7. Let (M, gab, Fab) be a stationary axisymmetric spacetime containing a
Killing horizonH [χ] and a stationary axisymmetric eletromagnetic field Fab, nonsingular
on H [χ], which is a solution to Maxwell’s equations (3) with currents which satisfy
circularity conditions
Je ∧ χ O= 0 and Jm ∧ χ O= 0 (45)
on some open set O ⊃ H [χ]. Then the electric scalar potential Φ and the magnetic scalar
potential Ψ are constant on each connected component of the Killing horizon H [χ].
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Proof. The assumptions from the theorem assure that scalar potentials are at least
locally well defined and, by the result of previous lemma, we have
k ∧m ∧ F H= 0 and k ∧m ∧ ∗F H= 0 . (46)
By contracting these equations with imik one gets [21]
Xχ ∧ dΦ H= 0 and Xχ ∧ dΨ H= 0 . (47)
From these two equations it follows that at any point of H [χ], dΦ and dΨ are either
either zero or proportional to χa except possibly at points where X = 0 (note that by
definition we have dΦ = 0 and dΨ = 0 at the points where χa = 0). Therefore, for any
tangent vector Za ∈ TH [χ],
iZdΦ
H
= 0 and iZdΨ
H
= 0 , (48)
so that Φ and Ψ are constant over H [χ] except possibly at the points where rotation axis
intersect the horizon H [χ] (where X = 0). Since the electromagnetic field 2-form Fab is
by assumption nonsingular on the horizon H [χ] we know that potentials are continuous
on H [χ] and thus the conclusion about the constancy can be extended to all points of
the horizon.
4. Uniqueness for weak fields
The problem of uniqueness of black hole solutions to Einstein-Maxwell’s equations
is highly nontrivial, attacked with arsenal of techniques, yet resulting in surprisingly
elegant no-hair theorems (for a comprehensive review see [22]). On the other hand, a
considerably simpler problem is the one of electromagnetic test fields, those which are
not sufficiently strong to affect the background metric and whose contribution to the
energy-momentum tensor can be neglected. Uniqueness of such solutions to Maxwell’s
equations on the background of curved spacetime has been proven in the cases of
static and stationary axisymmetric spacetimes [6, 26]. Here we shall demonstrate that
uniqueness can be established for a larger class of stationary spacetimes.
Theorem 8. Let spacetime (M, gab) be a solution to Einstein’s equation with nonnegative
cosmological constant, Λ ≥ 0, admitting a Killing vector field ξa which is timelike
in simply connected domain of outer communications D ⊂ M . Furthermore, let this
spacetime contains electric and magnetic currents satisfing conditions (18)–(19) and
electromagnetic test field Fab, invariant under the action of the Killing vector field ξ
a and
nonsingular on D. Then the corresponding electric scalar potential Φ and the magnetic
scalar potential Ψ, which satisfy Dirichlet boundary conditions on each component of
the boundary ∂D, are uniquelly determined in D if at each point of D at least one of
the conditions,
ωa = 0 or Ψ = 0 or Φ = 0 (49)
is satisfied.
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Note that the validity of conditions (49) at all points of D corresponds to, respectfully,
static, purely electric and purely magnetic case. The choice of Dirichlet boundary
conditions is natural in astrophysical setting, since the scalar potentials are constant on
black hole horizons and asymptotically vanish at large distances when the currents have
compact support.
Proof. Let {Φ(1),Ψ(1)} and {Φ(2),Ψ(2)} be two solutions to Maxwell’s equations
(22)–(23) with identical boundary conditions. Then the scalars φ ≡ Φ(2) − Φ(1) and
ψ ≡ Ψ(2) −Ψ(1) are solutions to vacuum (source-free) Maxwell’s equations,
∆φ− 1
N
[
(dN |dφ) + (ω|dψ)
]
= 0 (50)
∆ψ − 1
N
[
(dN |dψ)− (ω|dφ)
]
= 0 (51)
with vanishing boundary conditions. As an immediate consequence of the Stokes’
theorem we have the following identity for all sufficiently differentiable scalars f and g
defined on D, ∫
D
∗
[
f∆g + (df |dg)
]
=
∫
∂D
∗(f dg) (52)
If we insert f = g = φ and f = g = ψ, use Maxwell’s equation (50)–(51) and boundary
conditions, we shall obtain two equations,∫
D
∗
[
(dφ|dφ) + φ
N
(
(dN |dφ) + (ω|dψ)
)]
= 0 (53)
∫
D
∗
[
(dψ|dψ) + ψ
N
(
(dN |dψ)− (ω|dφ)
)]
= 0 (54)
Using basic identities for Killing vectors [15], it can be shown that
δ
(
dN
N
)
= −(ω|ω) + 2R(ξ, ξ)
N2
. (55)
The middle term under both integrals, (53) and (54), can be rewritten using partial
integration and identity (55)∫
D
∗ γ
N
(dN |dγ) =
∫
∂D
∗dN
2N
γ2 +
∫
D
∗ (ω|ω)−R(ξ, ξ)
2N2
γ2 (56)
where γ stands for φ and ψ. The first term on the rhs of (56) vanishes due to boundary
conditions, but more careful treatment is required at horizons, where N = 0. Here one
can use L’Hoˆpital rule to see that the ratio γ/N remains bounded on nondegenerate
horizons, while for most cases of degenerate (extremal) horizons, the same conclusion
can be drawn by repeated use of L’Hoˆpital rule. Now, using Einstein’s equation twice
contracted with ξa, R(ξ, ξ) = NΛ, we have∫
D
∗
[
(dφ|dφ) + (ω|ω)−NΛ
2N2
φ2 +
φ
N
(ω|dψ)
]
= 0 (57)
∫
D
∗
[
(dψ|dψ) + (ω|ω)−NΛ
2N2
ψ2 − ψ
N
(ω|dφ)
]
= 0 (58)
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The final assumption in the theorem allows us to dispose of the third terms under both
integrals. From the assumptions that ξa is timelike in D and Λ ≥ 0, it follows that
−NΛ ≥ 0. Furthermore, one immediate consequence of the definitions of the scalar
potentials and the twist is that
iξdφ = iξdψ = iξω = 0 , (59)
so that the corresponding vector fields are spacelike and thus
(dφ|dφ) ≥ 0 , (dψ|dψ) ≥ 0 , and (ω|ω) ≥ 0 . (60)
In conclusion, we are left with the sum of positive semidefinite integrands, from where
it follows that dφ = dψ = 0 on D, and thus φ and ψ are constant on D. Since both φ
and ψ are zero on the boundary ∂D, the claim follows.
One has to be careful in application of the previous theorem when the spacetime
contains the ergoregion E. In such cases there will be a subset of the domain of outer
communications where a timelike Killing vector field might become spacelike. Also, the
ergosurface, that is the boundary of E, is generally not an equipotential hypersurface.
However, stationary axisymmetric and even helical spacetimes [27] admit a Killing vector
field appropriate for this theorem.
Let us return to the final assumptions from the theorem. In an attempt to relax
them, one might try to observe the sum of the integrals,∫
D
∗
[
(dφ|dφ) + (dψ|dψ) + (ω|ω)−NΛ
2N2
(φ2 + ψ2) +
+
φ
N
(ω|dψ)− ψ
N
(ω|dφ)
]
= 0 (61)
Obviously, the claim would hold if the last two terms together would be a positive
semidefinite function on D. However, it is difficult to see why would such an inequality
hold in general. Another path towards the generalization of the uniqueness would be to
recast Maxwell’s equations into the form of a first order symmetric hyperbolic system of
differential equations (see e.g. [28] and Appendix A in [29]), so that the well-posedness
is guaranteed.
5. When can we utilise Einstein’s equation as a Swiss army knife?
One of the important consequences of the diffeomorphism invariance of the physical
theory is the vanishing of the divergence of the energy-momentum tensor. This property
can be broken by quantum effects due to eventual presence of diffeomorphism anomaly,
and in such cases it can point to possible inconsistencies [30], or can be used within
some effective description of natural phenomena [31]. However, at the classical level,
these complications are always absent. It has been noticed that covariant conservation
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of energy-momentum is sometimes enough to derive complete equations of motion
for matter fields, or at least some part of them. In order to better understand
the background of such an assertion, let us carefully examine this relation from the
perspective of the calculus of variations.
We assume that the total action S = SG+SM consists of gravitational part SG[gab]
and matter part SM [gab, ψ], which are both functionally differentiable (see [14], Appendix
E). Here we are using the abstract symbol ψ with supressed indices to denote some
general matter field. The energy-momentum tensor Tab is introduced via
Tab = − 2√−g
δSM
δgab
(62)
Let {gab;ψ}λ be a smooth 1-parameter family of field configurations (with appropriate
boundary conditions). Then the derivative of functional S can be split as
dS
dλ
=
∫
δSG
δgab
δgab +
∫
δSM
δgab
δgab +
∫
δSM
δψ
δψ (63)
where the summation over all possible indices of the fields is assumed in the last term.
If the fields {gab;ψ}λ0 extremize total action S for some value λ0 of the parameter,
so that (dS/dλ)(λ0) = 0, we recover the gravitational and the matter equations of
motion. Instead of looking at general variations we can specialize to 1-parameter family
of diffeomorphisms fλ : M → M . We know that for such variations δgab = £vgab for
some vector field va. Using this one can prove [14] that
a) As a consequence of invariance of the gravitational part of the action SG with
respect to diffeomorphisms we have equality∫
(∇aEab)vbǫ = 0 (64)
which implies that Eab, the functional derivative of the SG with respect to metric,
is divergence free,
∇aEab = 0 . (65)
More concretely, in the case of Einstein’s tensor Eab = Gab, this equation is the
twice contracted Bianchi identity,
∇aGab = 0 ; (66)
b) As a consequence of invariance of matter part of the action SM with respect to
diffeomorphisms and assuming that ψ satisfies the matter field equations, we have
equality ∫
(∇aTab)vbǫ = 0 , (67)
which implies the “covariant conservation” of the energy-momentum tensor Tab,
∇aTab = 0 . (68)
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Now we want to see what happens if we reverse the logic. A tensor Eab, which
serves as a “left hand side” of the gravitational field equation Eab = 8πTab, is usually
chosen by construction to satisfy equation (65) as a mathematical identity. This means
that the gravitational field equation itself implies (68) and from here it follows that for
all diffeomorphisms induced by the vector field va we have∫
δSM
δψ
δvψ = 0 . (69)
Using arbitrariness of the vector field va, this equation allows us to deduce only 4
components of the matter equations of motion, δSM/δψ = 0. These 4 components
directly correspond to 4 components of the equation (68). So, in all cases where matter
field ψ has more than 4 components, deduction of equations of motion solely from the
Bianchi identity is not generally possible. In order to reduce the number of independent
equations of motion for the matter field ψ, one can restric the analysis to the fields with
some additional symmetries.
The most simple example is the one of real scalar field (see e.g. [32], Exercise 20.9.)
with Lagrangian density
L = −√−g
(
1
2
gab∇aφ∇bφ+ V (φ)
)
, (70)
where V (φ) is a scalar potential which may include the mass term Vmass(φ) = m
2φ2/2.
The corresponding equation of motion is the Klein-Gordon equation,
φ− V ′(φ) = 0 , (71)
where  = ∇a∇a denotes the usual D’Alembertian operator. The energy-momentum
tensor is given by
T
(φ)
ab = ∇aφ∇bφ− gab
(
1
2
gcd∇cφ∇dφ+ V (φ)
)
(72)
and its divergence
∇aT (φ)ab =
(
φ− V ′(φ)
)
∇bφ . (73)
Assuming that the scalar field φ is not constant, Klein-Gordon equation immediately
follows from (68). In a case when ∇aφ vanishes on some subset of the spacetime, a more
careful treatment is needed. For example, if the set
S = { p ∈M : ∇aφ(p) = 0 } (74)
is a hypersurface, then we can extend the values of φ to the points of S, under assumption
that φ :M → R is a continuous map.
More subtle examples are those involving nonminimally coupled scalar field. For
example, if the Lagrangian density is given by [33],
L = −√−g
(
1
2
gab∇aφ∇bφ+ V (φ)− 1
2
F (φ)R
)
(75)
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with some arbitrary function F and Ricci scalar R, then the presence of F (φ)R term
prevents clear-cut splitting of the action into “gravitational” and “matter” parts. Here,
equations of motion are given by
F (φ)Gab = ∇aφ∇bφ− gab
(
1
2
∇cφ∇cφ+ V (φ)
)
+
+
(
∇b∇a − gab
)
F (φ) (76)
φ+
1
2
F ′(φ)R− V ′(φ) = 0 (77)
In order to cast the gravitational equation into the form reminiscent of Einstein equation,
it is customary to (re)define energy-momentum tensor,
Gab = T
(eff)
ab ≡
1
F (φ)
[
∇aφ∇bφ− gab
(
1
2
∇cφ∇cφ+ V (φ)
)
+
+
(
∇b∇a − gab
)
F (φ)
]
(78)
It has been noticed in the recent paper [34] that, assuming that the scalar field is not
constant ∇aφ 6= 0, generalized Klein-Gordon equation (77) follows from the Bianchi
identity,
0 = ∇bGab = ∇bT (eff)ab =
1
F (φ)
(
φ+
1
2
F ′(φ)R− V ′(φ)
)
∇bφ+
+
(
Gbc − T (eff)bc
)
F ′(φ)∇cφ , (79)
and additional use of the gravitational equation (78).
Another simple example is ideal fluid, described by two scalars, energy density ρ
and pressure p, and 4-velocity ua of the “fluid element”. These 5 degrees of freedom
are usually reduced to 4 by additional assumption of functional relation between energy
density and pressure, p = f(ρ), known as the equation of the state. Naive counting
of the number of degrees of freedom correctly suggests that the equations of motion,
relativistic Euler equations for ideal fluid, can be deduced from the Bianchi identity (see
e.g. [14], page 69).
Unfortunately, the list of successful examples is quickly exausted. Nonefficiency of
the procedure has already been encountered in the case of complex scalar field, as well as
for the massless Weyl spinor field and the massive Dirac field. The obstacle in these spin-
half cases comes from the fact that the covariant conservation of the energy-momentum
tensor corresponds to a second order partial differential equation, whereas the Weyl and
Dirac equations are first order partial differential equations (see [35], chapter 5.8). The
case of coupled Einstein-Dirac system of equations has been analysed by Friedrich and
Rendall in [36], where they have treated it as a Cauchy problem.
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6. From Einstein and Bianchi to Maxwell
The electromagnetic field 2-form Fab in 4 dimensional spacetimes has 6 components.
This already suggests that we have to make some additional assumptions in order to
recover Maxwell’s equations from the Bianchi identity. One pragmatic solution has been
proposed in [32], where the authors simply assume one half of the Maxwell’s equations
and then derive the other half from the Bianchi identity. On the other hand, Ra´cz has
shown [37] that presence of one Killing vector field is enough to recover complete vacuum
Maxwell’s equations, except in some degenerate cases. We shall now demonstrate how
this argument can be expanded to a nonvacuum case, and how the current conditions
play a crucial role in this procedure.
Let (M, gab, Fab) be a spacetime admitting a Killing vector field ξ
a, which is non-
null (i.e. N 6= 0) on some open set O, and containing electromagnetic field Fab which is
invariant under the action of the vector field ξa and nonsingular in O. Note that from
this assumption follows that Φ and Ψ are at least continuous, and thus their values can
be extrapolated to points where N = 0. Electromagnetic energy-momentum tensor is
given by
T
(em)
ab =
1
4π
(
F ca Fbc −
1
4
gab FcdF
cd
)
(80)
and its divergence can be evaluated with help of Maxwell’s equations (3),
∇aT (em)ab = JaeFab − Jam ∗F ab (81)
Assuming that current conditions are satisfied, using equations (21), rhs can be written
as
∇aT (em)ab = −
(ξ|Je)
N
Eb − (ξ|Jm)
N
Bb (82)
Conversely, the Bianchi identity (66) applied to Einstein’s equation (2) (or more
generally, identity (65) applied to the general gravitational field equation Eab = 8πTab)
with the total energy-momentum tensor imply (82) via current conditions. This form
of the divergence of the electromagnetic energy-momentum tensor will turn out to be
particularly convenient for the deduction of Maxwell’s equations. On the other hand, the
electromagnetic energy-momentum tensor can be decomposed with respect to electric
and magnetic fields (see [15, 37]) as
4πT
(em)
ab = N
−2
[(
EcE
c +BcB
c
)(
ξaξb − N
2
gab
)
+ 2ξ(aSb)
]
+
+N−1(EaEb +BaBb) (83)
where we have introduced Poyting 1-form Sa,
S ≡ ∗(ξ ∧ E ∧ B) (84)
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Assuming that the current conditions are satisfied, we can introduce scalar potentials
and express the divergence of the electromagnetic energy-momentum tensor as
4π∇aT (em)ab = N−1
(
∆Φ− 1
N
(dΦ|dN)
)
∇bΦ+
+N−1
(
∆Ψ− 1
N
(dΨ|dN)
)
∇bΨ+∇a
(
2N−2ξ(aSb)
)
(85)
Further analysis can be divided to the following cases
a) If E ∧B = 0 then either Ea = 0 or Ba = 0 or Ea ∼ Ba (in all cases Sa = 0). As
we shall see, these are the degenerate cases, where the deduction of Maxwell’s equations
is not efficient. Let us first assume that Ea = 0 and Ba 6= 0. This means that Φ is
constant,
4π∇aT (em)ab = N−1
(
∆Ψ− 1
N
(dΨ|dN)
)
∇bΨ (86)
Comparison with (82) recovers the Maxwell’s equation for the magnetic scalar potential
Ψ. However, we are missing the remaining Maxwell’s equation,
(ω|dΨ) = 4πN(ξ|Je) (87)
which cannot be recovered in this way. The case when Ba = 0 and Ea 6= 0 is completely
analogous. Finally, if Ea ∼ Ba holds, then
4π∇aT (em)ab = N−1
(
∆Φ− 1
N
(dΦ|dN)
)
∇bΦ+
+N−1
(
∆Ψ− 1
N
(dΨ|dN)
)
∇bΨ (88)
Although we recognise Maxwell’s equations inside of this expression, we cannot separate
them since dΦ and dΨ are, by assumption, collinear. At best one can say that the
Bianchi identity, together with one half of the Maxwell’s equations implies the other
half.
b) If E∧B 6= 0 and ξa is a timelike vector then the vectors in the set {ξa, Ea, Ba, Sa}
are linearly independent, and thus form a well defined vector basis (namely, in this case
all three vectors, Ea, Ba and Sa, have to be spacelike). If ξa is spacelike, then it may
happen that Sa is null,
(S|S) = N
[
(E|B)2 − (E|E)(B|B)
]
= 0 , (89)
from where it follows that
S ∧ E ∧ B = 0 . (90)
This means that Sa is parallel to either Ea or Ba. Let us denote the parallel one by
Ca and the other one by Ĉa. In this case one can choose different, pseudo-orthogonal
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basis {ξa, Ea, Ba, σa}, where σa is the unique null vector field, such that (σ|C) = −1
and (σ|ξ) = (σ|Ĉ) = 0. Using appropriate base to decompose the last term on the rhs
of (85), it can be shown [37] that the divergence of the energy-momentum tensor can
be written in the form
4π∇aT (em)ab = N−1
{
∆Φ− 1
N
[
(dN |dΦ) + (ω|dΨ)
]}
∇bΦ+
+N−1
{
∆Ψ− 1
N
[
(dN |dΨ)− (ω|dΦ)
]}
∇bΨ+N−1∇a
(
N−1Sa
)
ξb (91)
Finally, linear independence of the 1-forms {∇aΦ,∇aΨ, ξa} allows us to compare (91)
with (82) and deduce the Maxwell’s equations (22)–(23). In addition, we also recover
the conservation of the (Noether) current Ja = N−1Sa,
∇aJa = 4π ξb∇aT (em)ab = 0 (92)
7. Final remarks
The very existence of the electromagnetic scalar potentials, along with their basic
properties in the spacetimes with symmetries, is tightly connected with the current
conditions (18)–(19). This provides us with a new insight about the assumptions used
in the generalizations of the “zeroth law” of black hole electrodynamics: The same
staticity and circularity conditions used in proofs are simultaneously a guarantee that
the scalar potentials are locally well defined.
It would be interesting to investigate to what extent could the scalar potentials
be of use for the force-free electrodynamics [38, 10]. In this setting one deals with the
electromagnetic test field, subject to the force-free condition,
Jae Fab = 0 , (93)
and absent of the magnetic monopoles, Jam = 0. If, in addition, the electric current J
a
e
satisfies condition (19), then (93) corresponds to the choice of purely magnetic field and
Maxwell’s equations are reduced to one ordinary differential equation for the magnetic
scalar potential Ψ.
A brief analysis of the deduction of the equations of motion for matter from the
twice contracted Bianchi identity has revealed the limitations of such a procedure.
Nevertheless, the Bianchi identity can provide useful information, as can be seen
e.g. in the general 1 + n decomposition of Einstein’s equation [39]. Furthermore,
electromagnetic field in the spacetimes with symmetries has a reduced number of
degrees of freedom, and we have demonstrated that this allows one to derive complete
nonvacuum Maxwell’s equations from the Bianchi identity, except in some degenerate
cases.
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All the results presented here rely on the presence of the exact symmetries of the
spacetime and the fields. In the absence of any Killing vector field it will be difficult in
practice, although not impossible in principle, to find the appropriate vector field Xa,
such that Ea(X) and Ba(X) are closed 1-forms.
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Appendix A. Basic formulae of differential geometry
Let (M, gab) be a m-dimensional Lorentzian manifold and Ω
p(M) space of p-forms
defined on it. For every ω ∈ Ωp(M) we define Hodge operator ∗ : Ωp → Ωm−p,
contraction iX : Ω
p → Ωp−1 with a vector field Xa, and exterior derivative d : Ωp →
Ωp+1, written in abstract index notation as
(∗ω)ap+1···am =
1
p!
ωa1···apǫ
a1···ap
ap+1···am
(A.1)
(iXω)a1···ap−1 = X
bωba1···ap−1 (A.2)
(dω)a1···ap+1 = (p+ 1)∇[a1ωa2...ap+1] (A.3)
For any α ∈ Ωp(M) and β ∈ Ωq(M) we define wedge product ∧ : Ωp(M) × Ωq(M) →
Ωp+q(M) as
(α ∧ β)a1···apb1···bq =
(p+ q)!
p!q!
α[a1···apβb1···bq ] (A.4)
The two following identities hold for every ω ∈ Ωp(M),
∗∗ω = (−1)p(m−p)+1 ω (A.5)
iX ∗ ω = ∗(ω ∧X) (A.6)
Hodge dual of a 0-form f is directly related to the volume form ǫ ∈ Ωm(M),
∗ f = f ǫ . (A.7)
For any pair of p-forms α and β, their inner product is defined by
(α|β) = 1
p!
αa1···apβ
b1···bp , (A.8)
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which satisfies
(α|β) = − ∗ (α ∧ ∗β) (A.9)
and
(iXα|β) = (α|X ∧ β) . (A.10)
Additional derivative operators are coderivative δ : Ωp(M) → Ωp−1(M) and Laplace-
Beltrami operator ∆ : Ωp(M)→ Ωp(M), defined as
δ = (−1)m(p+1)+1 ∗ d ∗ , ∆ = dδ + δd . (A.11)
Note that for every 0-form f we have δf = 0 and ∆f = f = ∇a∇af . Lie derivative of
ω ∈ Ωp(M) with respect to a vector field Xa satisfies Cartan’s identity,
£Xω = iXdω + diXω . (A.12)
Important fact is that the Lie derivative with respect to a Killing vector field ξa
commutes with Hodge dual,
£ξ ∗ω = ∗£ξ ω (A.13)
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